
A PROOF THAT  2 IS IRRATIONAL 

First of all, what do we mean by the word  irrational ?  We mean that the 

number 2 cannot be written as a fraction. 

[It also means that, if you try to write 2 as a decimal, the decimal never 

terminates (stops), or recurs.] 

The fractions   
 

 
  ,  
  

  
   and 

     

     
  are accurate to 1, 4 and 8 decimal places, but 

you can never write a fraction which is exactly  equal to 2. 

Here is a proof.  It depends upon two things – the idea of a proof by 

contradiction, and the Fundamental Theorem of Arithmetic.  This states that 

every positive integer greater than 1 has a unique prime factorisation. 

For example, 13 = 13, (a prime), and 12 = 2 x 2 x 3. 

Proof by Contradiction  works like this.  I tell you that you can’t write 2 as a 

fraction.  You say “I bet you can.”  And I say “Ok, suppose you can.”  Then I 

assume you can do this, I do a bit of Algebra, and I prove that, for instance,  

1 = 2.  Now I ask you if you still believe that 2 can be written as a fraction.   

If you do, then you must agree that 1 = 2. 

Suppose that  
 

 
  √   , where a and b are integers, and b  0. 

Then  
  

  
                 

Now let us ask how many prime factors a2 has.  It has an even number of 

factors.  Suppose a = 12.  Then the prime factors of a are 2 x 2 x 3, and the 

prime factors of a2 are (2 x 2 x 3) x (2 x 2 x 3).  [Twice any integer is even.] 

Similarly, b2 has an even number of prime factors.  But 2b2 has an odd number 

of prime factors – the 2 spoils it! 

So, if you believe that 2 can be written as a fraction, you must also believe 

that, somewhere, there is an integer which is both odd and even. 

I cannot believe this, so I cannot believe that 2 can be written as a fraction. 



 

Exercises for the reader. 

Qn 1 – Can you prove that 3 is irrational? 

Qn 2 – You may say that this sounds very clever, and you think you can prove 

that every number is irrational.  What happens when you try to prove that 4 

is irrational? 

Qn 3 – Can you prove that 6 is irrational? 

 


