
i TO THE POWER i 

Inventing New Numbers 

Some 2000 years ago, the Greeks, who were formidable mathematicians, found that the 

square root of two was not a rational number – it could not be written as a fraction.   

(A consequence of this is that it cannot be written as a decimal which terminates or recurs – 

it carries on forever.) 

So, to find a number which is the diagonal of a unit square, they had to come up with a surd, 

namely 2.  The “invention” of this number is not, however, the end of the problem, 

because 3, for example, is another surd, and 3 cannot be expressed in terms of 2. 

There are similar problems with the square root of any prime number – they are all 

incommensurate surds. 

Around 1500 years later, mathematicians were wrestling with the problem of trying to solve 

certain quadratics.  Some quadratics have two distinct solutions, but others have no solution 

at all, as shown below: 

               

Someone, possible Hero of Alexandria (c. 10 – 70 AD), suggested the idea of imaginary numbers, 

but, by the middle ages, they were still not in general use.  Indeed, the term imaginary number 

was intended to be derogatory. 

In order to make the leap of faith necessary to use them, it is worth remembering that 

negative numbers were once regarded as crazy, and there is a story that the first Greek 

mathematician to show that 2 is an irrational number, was drowned for his trouble. 

Now the number i is defined by the property that i 2 = -1.   

We may want to know what is (-i) 2.  Now (-i) 2 = (i x -1)2 = (i)2 x (-1) 2 = (-1) x (+1) = -1. 

So we are in the situation where -1 has two square roots, namely ±i. 



This is very similar to the situation for positive numbers – for example, 9 has two square 

roots, namely ±3, and this should make us very happy.  If we found that -1 had three square 

roots, for example, we would not be so happy. 

Now, with i at our disposal, we find that every quadratic has two solutions. 

[Some quadratics only have one solution, a repeated root.  We shall count this as an 

equation with two roots.] 

However, unlike the case with surds, we do not need to invent any more imaginary 

numbers.  With i in our armoury, every quadratic has two solutions, every cubic has three 

solutions, and so on.  This all comes about because we “invented” i. 

COMPLEX NUMBERS 

The number i is an imaginary number.  When we are finding roots of equations, we find that 

we need numbers which are a mixture of a real part, and an imaginary part, such as 2 – 3i.  

Such a number is called complex, and may be represented on the plane, or Argand Diagram, 

as shown: 

 

2 – 3i, for example, is one of the roots of the equation x2 - 4x + 13 = 0. 

It is clear that any complex number can be written in terms of sine and cosine. 

For example, consider the number 2 + i, shown in the diagram below: 

 

 

The number (2 + i) can also be written as r [cos(x) + i sin(x)], where  

r = √       

So any complex number can be written in the form  r [cos(x) + i sin(x)] 



Now de Moivre’s Theorem states that (cos x + i sin x) n = cos (nx) + i sin (nx). 

The theorem is stated here without proof, though we shall check it for a couple of  

values of n.  It is clear that, when n = 1, the theorem is true. 

When n = 2, the statement of the theorem is that (cos x + i sin x) 2 = cos (2x) + i sin (2x). 

Expanding the LHS, we get (cos2 x – sin2 x) + 2i sin x cos x. 

Expanding the RHS, the real part is cos (2x), which is cos2 x – sin2 x, and the imaginary part  

is 2i sin x cos x. 

So the theorem is true for n = 1 and n = 2, at least.  The general theorem can be proved by 

induction. 

An application of de Moivre is to find complex roots of unity.  Now we know that the square 

roots of 1 are ±1.  Let us use de Moivre to find the cube roots of unity.  (We would expect to 

find three of them). 

Suppose that (cos x + i sin x) is a cube root of 1.  Then (cos x + i sin x)3 = 1 + 0i.     

Then, by de Moivre, (cos x + i sin x)3 = cos (3x) + i sin (3x) = 1 + 0i.   

Then  

cos (3x) = 1, and  

sin (3x) = 0.   

The solution to the first equation is that 3x = ±2k, so that x = ±
 

 
 k, where k is an integer. 

Typical solutions are x = 0, 
 

 
 , -

 

 
 , … 

The solution to the second equation is that 3x = ±k, so that x = ±
 

 
 k, where k is an integer.  

Typical solutions are x = 0, 
 

 
  , 

 

 
 ,  -

 

 
 , -

 

 
 , …… 

The values of x which solve both equations include 0, 
 

 
  and -

 

 
 . 

[Other solutions to the two equations simply repeat the values found above – sin and cos 

are not called circular functions for nothing!] 

So, the cube roots of unity are (cos 0 + i sin 0), (cos 
 

 
  + i sin 

 

 
 ) and (cos 

 

 
  + i sin 

 

 
 )  

These can also be written as 1 and 
      √ 

 
 

Diagramatically, these may be shown as: 

 



 

 

Euler’s Formula 

Euler’s Formula states that e ix = cos x + i sin x. 

We can see the connection between this formula and de Moivre’s Theorem. 

We will get two interesting results.   

First of all, write down Euler’s Formula, and replace x by .   

We then get e i = cos  + i sin   = -1. 

So it turns out that e i = -1.  This has been called one of the most remarkable formulae in 

maths.  It connects e, the base of the natural logarithms, with i, the square root of -1, and , 

the ratio of the circumference to the diameter of any circle. 

(In fact, e, i and  have many other meanings and definitions.) 

Most people find it amazing that these numbers, apparently quite separate, are connected 

in such a simple way.  It is characteristic of the unity of maths that they should be so 

connected – what might at first appear to be a number of completely separate areas of 

study turn out to be closely connected. 

We can also use Euler’s Formula to find a value for i i.   

Given that e ix = cos x + i sin x, and replacing x by i, we get: 

     
 

  = cos(
 

 
) + i sin(

 

 
) = 0 + i = i. 

Raising both sides to the power of i, we get: 

               
 

  =    
 

  = 0.2078..... 

 

As you can see, the roots of 1 are distrubted symmetrically, by rotation, 

around the origin. 

This idea extends to other roots of 1, and can also be used to find roots  

of -1, and of ±i. 


